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We focus the problem of establishing when a statistical mechanics system is determined
by its free energy. A lattice system, modelled by a directed and weighted graph G (whose
vertices are the spins and its adjacency matrix M will be given by the system transition
rules), is considered. For a matrix 4(g), depending on the system interactions, with
entries which are in the ring Z[a¥ : a € R*]and such that 4(0) equals the integral matrix
M, the system free energy f4(q) will be defined as the spectral radius of 4(g). This kind
of free energy will be related with that normally introduced in Statistical Mechanics
as proportional to the logarithm of the partition function. Then we analyze under what
conditions the following statement could be valid: if two systems have respectively
matrices 4, B and B4 = Bp then the matrices are equivalent in some sense. Issues of this
nature receive the name of rigidity problems. Our scheme, for finite interactions, closely
follows that developed, within a dynamical context, by Pollicott and Weiss but now
emphasizing their statistical mechanics aspects and including a classification for Gibbs
states associated to matrices A(g). Since this procedure is not applicable for infinite
range interactions, we discuss a way to obtain also some rigidity results for long range
potentials.

KEY WORDS: rigidity problems, statistical mechanics systems, free energy, Gibbs
states

1. INTRODUCTION

Let €2 be a finite set of spins and M a positive integral card Q2 x card Q—matrix
with entries M(i, j). The space of admissible configurations is defined as the set
Yy ={x 1 x = (Xp)kez+ : M(xg, xk11) # 0, x5 € Q} according to which any site
k has a spin x; € Q2. The matrix M can be interpreted as giving the transition
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rules for the interactions between sites. From M a finite directed graph G, can be
constructed whose vertices are labeled by the elements of €2 and where there are
M(i, j) edges from a vertex i to a vertex ;.

Let Exp = {a? : a € RT"}, where R™ = {a € R: a > 0}, thus the ring
Z[Ezp] will be formed by the maps / : R — R** with f(q) = Y\_, n;al , n; €
Z. Similarly is considered the ring ZT[Ezp] = {f : f(q) = Y, neal,ne €
yARY

The set of m x m—matrices A4(q)'s with entries in Z*t[Exp] is denoted
by M, (ZT[Exp]). Then we associate to each A(q) € M, (Z [Exzp]) the di-
rected graph: G, := Guq). Notice that A(0) is an integral matrix. For any
pair of vertices of Gy the entry i, j of A(g) has the form A(q)(i, j) =
Y iy aj(i,j), so that there are exactly r =r(i, j) edges from the vertex i
to the vertex j. The coefficients a; are now bijectively assigned to these
edges.

Thus we may have determined a one-dimensional statistical mechanics sys-
tem by A(q) and the consequents G4() := G40), La(g) := 2 4(0)- For instance in
the basic and well known Ising model » = 1, a,(i, j) = exp(Jij), i, j € {—1, 1}
(J is the coupling parameter). For simplicity, we shall denote the associated
graph directly by G, and the space of configurations by X ,. For a configura-
tion x € X4, we denote by I1,(x) the truncation of the infinite sequence x to
its first n terms, therefore IT,(x) will be represented by a path y in G4. Each
path will be a sequence y = ¢y ...e,_1, where each e; is an edge in G4 from
one vertex to another. In this case we shall say that the path has length n and
we write |y| = n. Now, we can consider the space of configuration X4 consti-
tuted by “infinite length” paths y = ege; . .., with ¢; is an edge in G4, and where
both initial vertex and terminal vertex of e; are identified with spins of the sys-
tem. We call admissible paths in G, to those representing admissible sequences.
To any edge e of the graph G, will be assigned a weight w4(e) and the path
y =ey...e, will have weight wy(y) = ]_[;:01 w4(e;).The closed paths in G4
are called cycles. For instance, for Markov systems the weight assigned to any
edge from a vertex i to a vertex j is a probability P; ;. This example shows
that the consideration of weighted graphs allows to study more general systems
than particles interacting via pair wise potentials, like the above mentioned Ising
model.

For any spini € Q, lete; g, ..., €;,— the edges in G, starting in 7, thus for
any pair (i, e; ;) we can form a vector v; indexed by the vertices of G4, which
Jjth-coordinate will be given by w4(i, e; ;) , where w4(i, ¢; ;) is the weight of the
edge from i to j. By the bijective assignation of the coefficients to the edges the
entries of the matrix A(q) are given by weights of the edges, in particular the sum
> i1 wa(i, e; ;) equals the ith-row of A(q).
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For a system (G4, X,), where 4 is an irreducible matrix over Z*[ exp] we
introduce the free energy

Ba(q) = p(A(q)), (1

where p(A) is the spectral radius of 4. By the Perron—Frobenius theorem S,4(1)
has a single eigenvalue.

We shall also consider a definition of a free energy function per particle
in the more customary way from the partition function Z,(¢) = Z,(¢q, A) =
Zmzn w? (), where the sum is extended over all the cycles of length n:

1
Fi(q) = lim ~log(Z, (9)). @)

Thus ¢ can be interpreted as the inverse of the temperature.

The quantities B4(q) and F4(q) can be related in the following way: a string
(io, i1, .in—1) is called admissible for a positive integral matrix A4 if A(ip, i;) X
Ay, ip) X + -+ X A(iy—2,i,—1) # 0. An—periodic string is that in whichi,_; = i,
therefore there is a one to one correspondence between the periodic strings and
the cycles of the graph associated to 4. In this way if P, denotes the set of the set

of n— periodic strings then card P, = Z(io,il,...,in—]) A(ig, i1) X A(iy, 1) X - -+ X
A(iy—2,in—1) = Tr(A") and so that
Z,(q) = Tr(4"(q)), 3)

from which is obtained B4(q) = exp(F4(q)).
Another important quantity is the Ruelle zeta function!")

La(z.q) = exp [Z Z, (@) 7} , @

n=1

which gives an analytical map in the disc |z| < exp(B84(g)). We can express the
zetamap as {4(z, ¢) = exp[Y_,2; Tr(4"(9)5] = exp[Tr(—log(I — zA4(¢)))] =

To any system (G4, X4) can be associated the non-marked spectrum
Sy ={(wy(y),n):yisacycle with |y| = n} and the marked spectrum L, =
{(wa(y), y) : y is a cycle with |y| = n}. There are different equivalence relations
between matrices in such a way that elements in the same equivalence classes share
the same spectrum. If 4, B € M, (Z*[exp]), let

i) A ~; B if and only if log w 4(ep) = logwg(ey) + U(ep) + U(ey) for any
edge with initial vertices e, e; and for some map U.

ii) A ~, B if and only if A(q)(7, j) = B(q)(c (i), o(j)), for any i, j, where
o : Q — Q is some permutation of the states.
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Thenisvalid: A ~ B= L, =Lp and 4 ~, B = S; = Sp, and on the
otherhand S4 = Sp = B4 = Bs. One of the objectives of this article is to analyze
under which conditions the free energy determines the matrix or the spectrum of
the system, up to equivalence, i.e. when, in some sense, the reciprocal of the above
implications hold, or in other words when the free energy is a complete invariant.
This falls in the category of the so called rigidity problems.

Remark. To obtain equivalent matrices necessarily the corresponding graphs
should be isomorphic. Recall that two graphs G, G, if there is one to one map ¢
which carries any vertex of G; in a vertex of G, and such that if there are £ edges
from v to v, then there are k edges from ¢(v;) to ¢(v,). Now to produce examples
of non-equivalent matrices it must be considered non isomorphic graphs.

Another issue to be considered is about the Gibbs states: if x is a configuration
and y =ep...e,_; is the path in G4 obtained from the truncation of x to the
first n symbols then H,(y) := —logw4(y) = — Z;’;Ol log w 4(e;) may be seen as
describing the interaction between the spins in G4. The interaction on the entire
configuration can be written as H,(y) + W(y | y¢), where W(y | y¢) describes
the interaction energy between the spins joined by the edges in y and those joining
the remaining spins of the configuration. The choice of paths in G4 correspond to a
selection of certain boundary conditions for the spin system, if periodic boundary
conditions are chosen then the cycles are considered. Thus for the Hamiltionian
H,, the Gibbs ensemble of finite volume n can be taken as the probability measure

wi(y)  _ wi() _ exp(—qH,)
Z|y\=n w?‘l(y) Zﬂ(q) Zn(Q)

The Gibbs states |1 4(;) associated to a matrix A(g) are weak accumulation points
of finite volume ensembles, i.e.

Mn,A(q)({V}) = Y =€...65-1.

Hag) = lim fn acq);

for some sequence {n;}. By the compactness of the space of measures on X 4, such
accumulation point does exist.
Fory = ey...e,—1 the cylinder C, = C,(y) is the set

xeX :xi=e,i=0,1,...,n—1}.

We shall prove that for every n, ¢ and for any path y of length #, there are constants
Ay, A> > 0 such that

MA(q)(Cn(V))

A1 = —; <
wiy(y)exp(—nF4(q))

)
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or

Hag)(Cu(y)) 4 6
= w!(y)(Ba(@)™" = ©

So that these Gibbs states become equilibrium states, for the free energies F 4 or B84,
in the sense of the Ruelle thermodynamic formalism.!") For irreducible matrices
in M,,(Z*[ exp]) the map B4(q) is real analytic'? and so by the thermodynamic
formalism there is an unique Gibbs state 1 4(4) for each real g. Recall that a matrix
A is irreducible if for any i, j there is a positive integer m such that all the entries
of H/"; are strictly positive. A matrix A is aperiodic or transitive if there is a
positive integer m such that all the entries of H/"; are strictly positive.

We shall obtain a classification of the equilibrium states in terms of the
unmarked spectrum, more specifically the result to be presented reads: ©4 = ug
if and only if there is a constant C > 0 such that w,(y) = wp(y)C", for any
positive integer n and for any cycle y with |y| = n.

In Ref. 10, Pollicott and Weiss have considered a free energy obtained from
a partition function defined as the statistical sum of the potential over the periodic
points of the dynamic map. They proved that for finite range potentials this free
energy determines the potential up to some equivalence. The free energy they
consider is associated to finite range potentials ¢ : ¥ 4 — R, depending on a finite
number of coordinates. For example depending on two coordinates, the matrix
A(q) can be defined by A(q)(i, j) = A(i, j)exp(qge(xo, x1)), withxg =1, x| = j.
Although some of our proofs for the finite interaction case closely follows those
from Pollicot and Weiss, our framework (using directed graphs) is more general
in the sense that it is valid not only for interaction potentials, but for more general
situations, e.g. Markov chains.

If we are in the more general situation in which potentials depend on the
whole configuration, we must work with other class of objects than matrices.
They will be transfer operators, in the style of those introduced by Ruelle in his
thermodynamic formalism, and the aim will be to obtain some kind of rigidity
result.

2. COMPLETE INVARIANCE OF THE FREE ENERGY
FOR FINITE INTERACTIONS

Let us consider the polynomial D,(z, q) = det(/ —zA(q)) € R[z] (R =
Z1[ exp)), so that D 4(1/84(q), g) = 0. By aresult in Ref. 12 it can be established
that D 4(z, ¢) is minimal for 84 in the following sense: if O € R[z] is another poly-
nomial with 1/84(q) as a root, with 4 an irreducible matrix, then D 4 divides Q in
R[z]. There is a direct relationship between D4 and the characteristic polynomial
P4(z,q) = det(zI — A(q)) of the matrix 4, indeed D 4(z,q) = z" P4(z™', q), for
am x m—matrix. Therefore the characteristic polynomial is also minimal among
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those for which S 4(g) is a zero. If it were proved that D 4 is irreducible then 8 4(q)
would determine D 4, because the polynomial for the free energy is minimal. The
same occurs for the characteristic polynomial by the relationship of above.

Proposition 1. Let A = A(q) be an aperiodic matrix with entries in M,
(Z"[ exp]) having the following property: any non-trivial product of powers of
its entries is different form the unity. Then D 4(z, q) is irreducible, i.e. it cannot be
written as a product of two non-constant polynomials in R[z].

Proof: Wecanexpress Dy(z,q) =det(l —zA(q)) =1+, Ci(q)z*, where

1}’
o=y = H—tr(A’(q))

(g, ir) oj=1
i +ig+etip=t

oralso Dy(z,q) = []_,(1 — zE;), where E; = E;(q) are the eingenvalues of 4,
counted with their algebralc multiplicity. For instance for m = 2 we have with
the first expression Dy(z,q) =z — tr(A(q))z + [tr(4(q))* — tr(4%(q))]z> =
22 — tr(A(q))z + det(A4(g)) and with the second one D,(z,q) =z> — (E| +
E»)z 4+ E | E,, of course both two expressions are equal by the invariance of the of
conjugation 4 with a diagonal matrix. We can thus interchange the coefficients,
for instance we may adopt the development 1 — tr(A4(q))z + - - - + ([, Ei)z".

Let us assume that there exists R(z, ¢), S(z, g) € R[z], non-constant, such
that D4(z, q) = R(z, q). S(z, q) or

m
l—tr(A)z+---+ <l_[ Ei> "=+ Riz+- -+ Ruyz"

x (14 Siz + - + Sizb), (M

with Ry = Y, niel and Sy = > mifi 7 By comparing the terms of D 4 and the
product of R and S, we firstly have Z nim el f1==xT], E;, sothatthe n;m;
will be equal to a product ]_[ A(j,o(j )) for some permutatlon o of n elements. If
are now compared the coefficients of z ¥ and z* deduces that the ¢! and f;’ have

A(j.o(j . . L .

the form %, where o is a permutation which in one case fixes the indexes
=1 ete

(i1, ...,ix) and the (i1, ..., i,—x) in the other. However the term [[;_, A(i, o (i)),

with o a permutation with no fixed point, will appear in some term of det(/ —
zA(q), but it cannot be expressed as a product e! qu by the enunciated property of
the matrix. Let us display this situation for n = 2, the coefficient of z> contains
sums of elements of the form A(7,i)A(j, j) — A(i, j)A(j,i) and it should be
needed A(1, 2)A(2, 3)A(3, 4)A(4, 1), which corresponds to the cyclic permutation



A Statistical Mechanics Approach for a Rigidity Problem 397

(1,2,3,4) - (2,3,4, 1), equal a term of the form A(i, j)A(j,i)A(r, s)A(s, ),
which is not possible by the property of the matrix. O

We illustrate with two examples:

Example 1. 'We consider the Ising model, for which 4(g) = ( Xp(Tq) exP(_Jq)).

exp(=Jq) exp(Tq)
If Dy(z,q) could be factorized as a product of two linear non-constant

polynomials then it would have: D4(z, q) = det(I — zA(q)) = 2> — tr(A(q)z+
det(A(q) = (z — X, mief )z = 3, m; f1), and so 2> — tr(A(q)z — det(A(q) =
22— (X miel + 3 mfi)z+ 3, jmimjel f]. From this is obtained that
>imiel + Zj m.if;] = tr(A(g) = 2exp(Jq) and Z[,j nim e} ;I = det(4(q) =
exp(2Jq) — exp(—2Jq). Therefore n;m; = exp(2J) or nym; = exp(=2.7), in
particular exp(4.7) = 1, but it is no possible unless 7 = 0, which is not the case.

Example 2. Let us consider a more bit general interaction, whose matrix
has entries A(q)(i, j) = exp(—qa(i, j)), i,j=1,2, for a given a > 0 de-
pending of two spins. Now Dy(z,q) = z> — tr(A(q))z + det(4(g)) can be
factorized in R[z] as product of two linear factors whenever the discriminant
A = (tr(A(q))* — 4det(A(q)) could be expressed as Q- n,-eiq)z, for some
n;,e;.We have tr(A(q) = exp(—qa(l, 1)) +exp(—qa(2,2)) and det(A(q)) =
exp(—qa(l, 1))exp(—qa(2, 2)) — exp(—qa(l, 2))exp(—qga(2,1)). Thus A =
[exp(—ga(l, 1)) — exp(—qa(2, 2)))* — 4exp(—qa(l, 2)) exp(—qa(2, 1)), ~ and
hence the condition on the discriminant cannot be satisfied since exp(—ga(l, 2))
exp(—qa(2, 1)) # 0.

To see how the free energy determines D 4(z, ¢) in the case of 2 x 2 ma-

«/f .
1 rdg+ (IV(AZ(q)) 4det(A(q))’ therefore if A —

trices, let us notice that —— =
Ba(q)

(tr(A(q))> — 4 det(A(q) # O then the free energy determines tr(A(q) as well
as \/ (tr(A(q))? — 4 det(A(q)) and so det(A(g)) will be also determined by B4(q).
Now D (z, q) = z2 — tr(A(q)z + det(4(q)) is completely determined by the free
energy.

Thus we have, as by the comment of above, that the free energy determines
the minimal polynomial D 4(z, ¢) and also the characteristic polynomial of 4.

Lemma 1. The zeta function {4(z, q) determines the spectrum S 4.

Proof: Let 4(z,q) = exp[Y ., Z,,(q)%], which has radius of convergence
exp(B4(gq)). Now the coefficients of the series can be uniquely obtained deriv-
ing with respect to ¢. Then from Z,(q) = Zm:n w? (y) the numbers w 4(y) are
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uniquely determined up to permutation, this follows from Newton identities. So
the spectrum is completely determined from the zeta function. O

Therefore combining Proposition 1 and Lemma 1, and recalling that
Cu(z,q) = o 1_12 @ = D (12 o we have that for matrices, with the property in
the statement of the Propositionl the free energy 8 4(g) determines the spectrum

Sy,0rBy=Pp = S4=Ss.

Proposition2. Thepolynomial D 4(z, q), with A an aperiodic matrix with entries
in M,(Z*[ exp)), determines the ~, equivalence class of the matrix A, or D4 =
Dp — A ~, B.

Proof: Let us consider the development of D4(z, gq) displayed in the above
proposition (the first one):

det(/ —zA(g)) =14 »_ Ci(g)z'. with
i=1
—1y 1 ,
a= Y ST v
J

(iy.ia, ir) tj=1
i Hig i =n

The terms in tr(A) can be determined by the Lemma 1. The coefficient of
z? consists of elements with the form A(q)(i, i)A(q)(j, j) — A(q)(, j)A(q)(j, i),
by the invariance of det(/ — zA(gq)) by conjugation by diagonal matrices it can be
considered without loss of generality that A(j, 1) = 1, for any j. Then the prod-
ucts A(q)(i, j)A(g)(J, i) can be calculated from the elements A(q)(i, 1) A(g)(J, j)
belonging to the trace and so possible of be computed from the earlier step.

The coefficient of z® involves triple products of the form A(q)(i,i)
A(q)(J, j)A(q)(k, k) and triple products of entries of A(g) with different co-
ordinates. The terms with the same coordinate are known. In particular in the
expression appear terms A(q)(i, 1) A(q)(j, k)A(q)(k, i), the A(q)(i, i) as we say
are already determined and by the above process can be also obtained, and also by
above can be determined elements of the form A4(g)(i, i) 4(q)(j, k) A(g )k, j). To
obtain the general term A(q)(k, i), let

A(g)(, ) A(q) i, j)A(g)(k, i)
A(q)(k, i) ’
the element A(q)(1,i)A(q)(i, j) is a factor in a term of the coefficient of z3

and the A4(q)(1,1) are already known. In the coefficients of z3 appear products
of the form A(q)(i, j)A(q)(Jj, k)A(q)(k, i) and in particular those of the form

A(q)i, DAg)(1, k)A(q)(k, i) = A(g)(1, k)A(q)(k, i), then multiplying (10) by
A(q)(1, k) is obtained a term in the the coefficient of z3, and thus is determined

A(g)(1, )A(q)(, ) =

®)
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A(q)(k, 1) by known entries. This process can be inductively iterated to recover
the coefficients of D4(z, q).

The characteristic polynomial of a matrix A is invariant by conjugation of 4 by
apermutation matrix, i.e. a matrix in which any column, or row, is a vector with only
coordinate equal 1 and the others 0. For a m x m—matrix there are m! permutation
matrices and so it can be proved that there are many finitely matrices with the
same characteristic polynomial. Therefore the characteristic polynomial, and do
the polynomial D, determines the matrix, up to to conjugation by permutation
matrices.

Let now A(q), B(q) such that B(g) = P~' A(q)P, where P is a permutation
matrix. [f ois a permutation of m elements, i.e.o : {1,2,...m} — {1,2,...m} bi-
jective, then we denote (B o 0)(q)(i, j) = B(g)(c(i),o(j) =D, aZ(a(i), o(j)).
Let o be the permutation obtained in the following way: if

P1 pu pr2 - . . Pumn
p2 b pn . . . P
p—|- _ |- . .o ’
Pm Pm1 Pmi . . - Pmm
then for a row vector p; =(0,0,...1,...,0) is o(i) = j, i.e. o in each i €

{1, 2, ...m} indicates the place in which the vector p; has the 1. For instance in

—_o O

1 0
0 1] o(h)=1,0602)=3,03)=2.
0 0

Therefore it has B(q)(i, j) = P~'(i. ))A(q)G. )P, j) = 3, 3 PrsPsjA(q)
(i.j) and B(q)o@).0()) =2, X prspPsjA@)o (i), 0())) but pesps; =
Si,a(r)‘sj,a(s)’ thus (B oo)(q) = A(g) and so 4 ~, B. O

Finally we arrive to

Theorem 1. Let (G4, X 4) be a representation of a lattice system with m spins,
where the matrix A(q) € M,,(Z*[expl) has the property that any non-trivial
product of powers of its entries is not equal to 1. Then the free energy B 4 uniquely
determines the matrix A, up to ~,equivalence.

Proof: Follows linking the above results. |
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3. CLASSIFICATION OF GIBBS STATES ASSOCIATED TO
MATRICES BY THE NON-MARKED SPECTRUM

In our approach we are considering matrices as some kind of “observable,” and
in the introduction we have anticipated a notion of Gibbs states associated to
a matrix which entries in M,,(Z*[exp]) and the corresponding directed and
weighted graphs. Recall that it was done by introducing the n volume—Gibbs
ensembles j1, 4 as point mass distributions with mass w?(y), for a path y of
length n, and Gibbs-Boltzmann factor Z,(g) = Zm:n w? (). The Gibbs state
M 4(q) 1s defined as a “thermodynamic limit” of the finite volume ensembles. Recall
also that the cylinder of length n forapath y = e . ..e,_ is the set

C,=C,(y)=xeXy:xi=e€,i=0,1,...,n—1}.

The space of configurations X 4 can be partitioned in cylinders: we can consider,
see introduction, the configurations identified with infinite paths y = egpe; ... in
G4, let us denote by in(e) the initial vertex of e, and if Q = {0, 1,...,m — 1} is
the numeration of the spins of the system, then let

Gi={y =epey...: in(leg) =i}, i=0,1,...,m—1. 9)

Now £, = "' G; (disjoint union).
As we mentioned in the introduction one of the objectives is to prove that

s agGy)
the ratio w (y)exp(—nF4(q))

Before doing this we must to introduce some background. In the space ¥4 =
{x :x = (xp)kez+ 1 A(xg, xx+1) = 1, xx € Q} can be put the metric d;(x, y) =
Z:io 'xk:—kyk', t > 1. It does not matter which value of ¢ is considered because
all metrics d, induce the same topology,® but it is convenient to take a large
value of ¢. The topology induced by the metrics make X4 a compact space and
agrees with the topology product of discrete topology in 2. The distance for finite
sequences or finite paths can be obtained as induced by the metric d, taking a finite

sum: if y =ep...e,1, ¥y =¢)...€,_, thend,(y,y) = Z;(l) w The
following metric can be obtained from d,, let d}' defined in such a way that if
x € X4, and IT,(x) is the truncation of the infinite sequence x to its first n terms
which is represented by the path y, then the d/' —ball centered in x with radius
& = t7" /2 equals the cylinder C,(y) for any x € C,(y) , or two points x, y are
within §—distance in &' if and only if all the paths representing their truncations
to sequences of length < n, are within §—distance in d;. A set E C X4 is said
to be n—separated if for any x,y € E,x # y, itholds d}'(x,y) > e =t7"/2, it
means that all the paths representing I1;(x), I1;(y), i < n, can be distinguished
with precision ¢. Due to the compactness of X 4 the separated sets are finite.

If A4 is an aperiodic matrix and y is an admissible path of length n, then
¥4 N Cy(y) # ¥ and contains a sequence x such that a finite restriction of x gives

is uniformly upper and lower bounded, for any #, g, y.
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acycle.® This expresses the density of the cycles in the space of configurations. In
particular under the aperiodicity of the matrix the system (G 4, ¥ 4) has the so called
specification property, due to Bowen, ) which naively states that for specified
admissible paths in G 4 can be found a closed path, i.e. a cycle, approximating them
with a certain precision. More formally the specification is defined as follows: for
any & > 0 there is an integer p(§) such that if 7 = {n;, ny, ..., n;} C [a,b] is
an interval of positive integers and x1, xp, ..., x, € X4 then there exists a cycle
y of length (b — a)+ p(8) such that d,(y;, y;), where y; is the restriction of y
to its j first edges and yl.j are the paths representing I1;(x;), j = ny,na, ..., g,
i=1,2,...,r

Another result to be used later is that the weights as functions on the edges
has a “bounded distortion” if consider paths which within a distance not exceeding
a certain ¢, thismeans if y = eg...e,_1, ¥’ = ¢;..€,_, are admissible paths with
di(y,y’) < e then

n—1_4q
Hi=01 w;(e,-) <C
— .=
[Tico wi(e)
for some constant C > 0 and for any positive integer » with a fixed ¢. This
conditions can be rewritten as

cl<

n—1 n—1

Zlog w (e;) — Zlog w(e)| < K,

i=0 i=0
for some K. This can established adapting a result formulated in a more general
context (for instance see Ref. 6).

Let us consider a partition function defined from a counting of points in
separated sets: let

N,(g) = sup Z w?(y) : E is n—separated  , (10)
y=Il,(x),xeE

by I, (x) = y we actually mean IT,(x) is represented by the path y. Then let

1
Galq) = lim —log(W, (¢)) (an

Proposition 3.  The function G 4(q) equals the free energy F 4(q).

Proof: Letn > p(5)anlet E bean— p(8) separated set (p(8) is the specification
number), if x € E then by the specification property there is a n—length cycle y
such that d;(yn—p(s)> 1,_,) < 8, where n,_, represents me (x),recall that with
y; we denote the restriction of y to its j first edges. The assignation of y to any
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configuration x is injective. Let us denote by e; the edges of y and by e, denoting
the edges of n, we have

n—1 n—p(8§)—1 p)—1
Z log w(e;) = Z log wi(e;) + Z log w¥ (€i-4n—p(s))
i=0 i=0 i=0

and by the mentioned bounded distortion property of the weights we get

n—1 n—p(8)—1 p)—1
Y logwi(en = Y logwi(e) — K — Y logw(ersnp):
i=0 i=0 i=0

let ¢ a map defined on paths which assigns, for fixed ¢, to any y the number
log w’(in(y)), where in(y) denotes the initial edge of y, so that

N-1

Y logw(e)

i=0

= Nli9llo.

for any sequence of N edges considered. In this way we can write

n—1 n—p(8)—1
Y logwie) = Y logwi(e)) — K — p(8) gl - (12)
i=0 i=0

Thus summing over the cycles of length # is obtained

Zy(q) =Y whi(y) = exp(—=K — p(8) 6llo) x Nu—pisy (@), (13)

lyl=n

for n enough large.

To prove the opposite inequality, we firstly point out that the space of configu-
rations X 4 has the following property of expansiveness: forany x, y € X4, x # y,
there is constant 6 > 0 such that d}'(x, y) > § for some positive integer n, this
means that all paths representing the truncations I1;(x), I1;(v), i < n, can be dis-
tinguished with precision 4. To see that certainly X 4 possesses this property notice
that the partition G = {G;}, G; = {y = epe; ... :in(eg) = i} is such that if {G,, }
is sequence of members of G indexed by elements of 2 = {0, 1, ..., m — 1} then
Mi—y G+, has an only point which is precisely the configuration x = (x;)gez+
Let § the Lebesgue number of the covering G, recall that ¥, is compact, then
it must be dj'(x, y) > & for some n, because if it were d/'(x,y) < 6 for any
n then x,y must belong to a set G,, for every n and so x,y € (o Gx,»
but it is no possible if x # y. Next we show that the elements of the set
C, = {y : y is acycle with |y | = n} are n—separated with a certain precision, with
n enough large. The set C, may be also considered as a subset of the space of
infinite sequences, i.e. the set X 4, indeed we have a natural identification of C,
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with {x : IT,(x) is represented by a cycle y with |y| = n} C X, this identifica-
tion is done by extending a finite cycle y = ege; ... e,_1, wWith e, = eg, to an
infinite sequence by infinitely adding to y periodic blocks ege; . . . e,_2€¢. Let now
x,y € C, and let y, y’ be the representatives of IT,(x), I1,(y) respectively and
we take

n = max{d,(y[,yi/) ti= 12n}

where as ever y;, y/ mean the restriction to the first i —edges. So that for every
n the representatives of IT,(x), IT,(y) are within d;—distance at most 7, because
the periodicity of the sequences, therefore it should be n > § (the constant of
expansiveness), otherwise it would be x = y by definition of expansiveness. Thus
d'(x,y) > n > t~"/2, for enough big n.

Now, since for calculating Z,(¢) the sum is taken over the cycles in C,,which
are as seen separated and

N.(gq) = sup Z wi(y) : E is n—separated
y=I1,(x),x€E

ithas Z,(¢) < N,(q) for n large. Taking corresponding limits concludes G 4(g) =
Fa(q). o

Next we established a key result for the classification of Gibbs states.

Theorem 2. If wyq) is the Gibbs state associated to a matrix A(q) €
M, (LT[ exp)) then for any n, q and for any path y of length n, there are constants
Ay, Ay > 0 such that

- A (Cn(¥)) <A (14)
wi(y) exp(—nF4(q))

Proof: Let p(8) be the number of the specification property and let » > n +
2p(8), s =r —n — 2p(5). Recall that the r—volume ensemble of a cylinder C,, is
given by
ZyeC,,ﬂC, wi(y)

Zyec, wZ(V)
Let E; be a maximal s—separated (in this case maximal means with maximal
cardinality among the s—separated sets), if x € E then by the specification prop-

erty there isa y € C, N C,, injectively assigned, such that d;((Va+ps))s, ¥') < 6,
where y’ represents IT;(x). Let y € ¥4 with a representative n = fo f1 ... fu_1

r,a(q)(Cn) =
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for I1,(y). Let us denote with e ’s the edges of y and with ¢’ ’s the edges of .
By the specification condition and the bounded distortion property, we have, by
fixing g :

s—1 s—1
> logwi(e)) = Y logw'i(einspey)| < K
i=0 i=0
and
n—1 n—1
Zlog wi(e;) — Zlog wi(fH)] < K
i=0 i=0
for some constant K. Therefore
r—1 s—1 n—1
Z log wi(e;) — Z log wi(el) — Z log w (/)
i=0 i=0 i=0
n—1 p(6)—1 n—1
= Z log w(e;) — Z log w(ej41) — Z log w (€i4n4p@))
i=0 i=0 i=0

p)—1

s—1 n—1
— Y logwi(e)) = Y logw’y(f) = Y logw(€itntstpn)

i=0 i=0 i=0

p(d)-1 p(8)—1
< 2K+ ) logw(eirnspe) + D 10gwh(€itnttpe)
i=0 i=0

=2(p@®lolo) +2K.

Thus

r—1
exp(=2(p(d) llpllo)) exp(=2K) = — = lfl](ei)
[T wi(e)) l:!) wi(f5)

i=0

= exp(2(p(3) P lly)) exp(2K).
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Then we have

Y wi)

y€Ca(mNCy

Y wi)

yeC,

Mr,4q)(Cn(m) =

n—1
exp(=2(p(@®)¢llo)) exp(—2K) [ Jwi(f) D wih(e)
i=0

y/=Ms(x)
xeEg

Z k]
Yo wio)

veC,

where in the sum, as before, by y’ = I1(x) we mean y’ represents I1;(x). Therefore
if

Ny(g) = sup Z w?(y) : Ey is s — separated
y'=I1,(s).x€Es

then

exp(—2(p(8)l1p1l0)) exp(—2K) [T w(/i)Ns(q)
Zy eC, wilq (y) ’

and by the proposition 3 and the definition of F4(q) we have, for s, r large enough,
Ns(q) = Lexp(sF4(q)), ZyEC,. w(y) < Mexp(r Fu(q)), L, M constant. Thus

Mr,A(q)(Cn(n)) =

n—1

L
Hr.aiq)(Cn(m) Z exp(=rFa(q)) exp(=2(p(8) lipllo)) exp(=2K) [Twitn
i=0
n—1

> Ky exp(—nFa(@) [ [wh(£). (15)

i=0

L
with K7 = exp(—2(p(8)|l¢llo)) exp(—ZK)M. To take the weak limit of fi, 4,
can be considered the sequence n; = r = n + 2p(8), and with £ — oo gets

n—1

Watq)(Cu(m) = Ky exp(—nFa(g) [ [wi(f). (16)

i=0
For finding the other bound proceeds in a relatively similar way, so we shall
omit some details and just point out the main aspects. Let n be an arbitrary path
of length n with edges f f1 ... fu—1 and let y € C,(n) N C,, with edges denoted
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with ege; . .., we have
r—1 n—1 r—n—1
> logwi(e) = ) logwi(fi) = Y logwi(eir)| < K.
i=0 i=0 i=0
Now
ZVEC (mNC, w?él(y) =
tr, 4g)(Cn(1) = — =< exp(K) | | wi(fi)
! e, W) T Y0 W) ll 4
r—n—1 exp(K) n—1
[T witein) = == exp(=r Fa@)N,—u(@) [ [ (/).
i=0 i=0
for some constant Cy. Then
n—1
exp(K)
pra(Cal) = === Caexp(=nF4(@) [Twit- (17)
i=0
And the lower bound is obtained with the weak limit of 1, 4(), like above. O

Before establishing the classification theorem we review some material from
the Ruelle thermodynamic formalism!" and basic Ergodic Theory. The en-
tropy of a probability measure p can be calculated (c.f. Shannon—-Mc.Millan
theorem ) as /(1) = lim,—, o —2 log j4(C,), where C, is any n—cylinder. Thus
we have by Theorem 2 log B4(q) = F4(q) = h(itag)) + im0 \yLl log w? (y).
The term ﬁ log w’(y) can be considered as an ergodic average, indeed if we let,

for fixed ¢, themap ¢4 : y > logw’(y) = Z;':ol log w’(e;), then by the ergodic
theorem limyy |-, oo I)l/_l logw(y) = u(¢4), n — a.e. for every ergodic measure L.
Here is considered the measure as a functional. Therefore:

log B4(q) = Fa(q) = h(ita)) + Haq)(@a)

and so w44 s an equilibrium state for the observable ¢ .

The set Iy, = {1 : Fa(q) = h(p) + (¢4} is a compact convex set whose
extremal elements, i.e. those which admit just a trivial convex combination,
are the pure thermodynamic phases. Let Ty = {u : F415(q) — F4(q) > u(dp) :
for any matrix B}, this set, which is non empty, is called the set of tangent func-
tionals to F at A.If the entropy map u +— h(u) is upper semi-continuous, with
the weak topology in the space of measures, then /,, = T4 and the expansiveness
property in the space of sequences makes this map upper semi-continuous. 13 So
that the equilibrium states are in correspondence with the tangents to the graphics
of F4(g), now for the coexistence of thermodynamic phases the free energy F4(q),
or of course B 4(q), should have singularities. In other words a phase transition is
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detected when the free energy is non differentiable. As we have already mentioned,
by a result of Tuncel, for an irreducible matrix A4 the map B4(g) is analytic, and
so in this case there is an unique equilibrium state for the observable ¢4 for any
fixed ¢. Besides for this observable any equilibrium state is a Gibbs state.

If we let w44c/(e) = wy(e)C, for any constant C, then we have for any path
y =ep...e,—1 that wyycr(y) = wy(y)C". Thus if A(q), B(g) are matrices such
that for each n holds w4(y) = wp(y)C”", for some C and for any cycle y of length
nthen [, 44) = Mn,B(g) as is directly seen for the definition of Gibbs states and so
that 1 ) = (). In particular u 4y = ta()+ci- If the reciprocal of this result
were proved then it would obtained a classification of Gibbs states. In this vein:

Theorem 3. If [14q) = B(q) then there is a constant C = C(q) > 0 such that
w4(y) = wg(y)C", for any n and for any cycle of length n. Or, by above comment,
Iag) = B if and only if S4 = Spcr.

Proof: We consider “renormalizations” Z(q) = A(q) — Fa(q)1, EN?(q) =
B(q) — Fp(q)I, forwhich j15,) = Lag), HE(q) = LB and F3(q) = Fz(q) = 0,
for every q. Let 34 = 15 = K. and C, = C,(y) is a n—cylinder, by Theorem
2 there are constants 41, A, > 0 suchthat 4;w3;(y) < u(C,(y)) < Awgz(y)and
so wi(y) < Fwg(y). If y is a cycle then is valid w3(y) = lims oo zw7(yk),
where y k is the path obtained by juxtaposition to y the same y by k—times. Thus
we have wj(y) < limy_, o %w 5(yk) = wz(y). By a dual argument the opposite
inequality is established. Therefore w(y) = wg(y), so that w4(y) = we(y)C",

with C = 2—2‘;; O

4. RIGIDITY FOR LONG RANGE POTENTIALS

As we mentioned in the introduction the rigidity problem for finite interaction
can be solved by means of algebraic properties of some matrices. In particular,
Pollicott and Weiss considered a free energy for potentials depending on a finite
number of coordinates (finite range potentials). The approach we have developed
in previous Sections allows to treat more general interactions than Pollicott and
Weiss ones (e.g. Markov chains) as we pointed out earlier. Herein our aim is
to establish some kind of rigidity results for a class of potentials which include
infinite range interactions, i.e. depending on the entire configuration. In this case
we restrict ourselves to just interaction potentials.

One interesting example in this situation is the Kac model: let 2 = {£1}
where the transition matrix has all entries equal tol and the potential is ¢(x) =
Jxg Y e X A", with & € (0, 1); J € Riis a coupling parameter.
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In the case of finite range potentials we saw in the Introduction that a primitive
matrix can be defined by

L—L@)G. /) 0 if A@G,j)=0 as)
= l’ =
DT explgote) if AG ) =1,

with xo = i, x; = J, for instance in the Ising model ¢(x) = Jx¢x; and L(i, j) =
exp(Jx;x;). Taking into account Eq. (3), we saw that, in a case like this, it can be
considered as partition function

Zy(q) = Tr[L"(q)]. (19)

On the other hand the “thermodynamic limit” lim,_, % log Z,(q) does exist
and equals log E;(L(g)), where E; is the leading positive eigenvalue of L.(!"
The existence of such a leading eigenvalue is ensured by the Perron—Frobenius
theorem, since the matrix is primitive.

If we are in the more general situation of potentials that depend on a infinite
number of coordinates, we must work with other class of objects than matrices.
They will be transfer operators, in the style of those introduced by Ruelle in his
thermodynamic formalism.

We start by observing that periodic sequences in the symbolic space

Ej = {X = (xi)ieN 1x; € Q,Vi €N, A(xi,x,-_H) = 1}

correspond to infinite paths in the associated graphs G and the cycles of length
|y| = n to sequences with periodic blocks of length #. For any cycle y we shall
write x,, for the element of £ formed by blocks corresponding to y .

Let us recall the definition of Bernoulli shifts o : &1 — X1 where (ox), =
Xn+1. We also consider, for a potential ¢ € C(X7), the statistical sum

n—1

S (@) (x) =) (o' (x) (20)
i=0
and the partition function
Zy (@) =Zn(q, 9) = ) exp(Su(qe)(xy)). @1
lyl=n

Thus, the free energy, associated to a potential ¢ will be Fy(g) =
lim,, % log Z,(q). As we mentioned for finite range potentials this free en-
ergy gives the spectral radius of a matrix L(g), like in Eq. (18). For the infinite
range case we would like to relate Z,(q) with operators traces. It must be done by
considering a special class of potentials that we shall describe below. For a cycle
y apotential ¢ € C(Z ) the weights are given by wy(Y) = Sy(@)(xy). Therefore
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we shall consider the, unmarked, spectrum
Sy = {(wy(y),n): yisacycle with |y| = n}. (22)

Next we shall write down the operators needed for our purposes: for ¢ €
+
C(x)), let

L, 00 (x) =) A, ko) exp (e (i, x)) x (G, X)), (23)
ieQ
where (i, x) is the configuration (7, x¢, x;,...). The space of finite range potentials,
i.e. depending on a finite number of coordinates, is left invariant by £ and so
the operator can be reduced in this subspace to a matrix like L. for which the
relationship (18) is satisfied.
Let us return to the Kac model, in this case the transfer operator reads:

K, G)(x) =) exp (Jxo Zx,,)\"> x (G, x)). (24)

i=+1 n=1

Next we consider the space of functions A« (Z}) :={p € C(T}) : existsa x €
Axo(Dg) with o(x) = x (7 (x))}, where Dp = {z : |z| = R} and = is a projection
7 : £ — Dp defined by the assignation x —> Y oo | x,_1A". The space A (V)
is that formed by the complex functions holomorphic in U and continuous in U
(the closure of U), endowed with the norm || x | = sup,p, |x(2)| . On Aoo(Ej)
the operator /C,, induces another one acting on A, (D), which it shall be denoted
also by /Cy, in the following way: let y; : Dr — Dg, ¥;(2) = A(j +2), j = %1,
and thus

K, 00)(2) =) exp(Jxz) x(¥;(2)), (25)
j=%1
for x € Axo(Dg).
By using the trace formula deduced in Ref. 7 we have

Z,(q)=(1=aTr(K2,) =Tr (ki) — Tr (K2,) . with K =2, (26)

what we were looking for i.e. a relationship in the style of (18) with the operator
playing the role of the matrix.

The class of potentials ¢ : £} — R within we shall work is that for which
the following conditions be satisfied:

(C1) Thereisaprojectionw : £} — RY, forsomed > 1, and opensets {;} C
R? such that
n(Ej) C |UJ; W; and maps y; : UjEQ, Wi— W (Q; ={ieQ:4;;=
1}. Besides (i, x) = v¥;(m(x)) € 7, recall that (i, x) is the configuration
(i, X0, me).
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(C2) There are neighborhoods U; C C¢ of W; such that each ; extends holo-
morphically to | jeq, Uj and applies U ieq, Uj strictly itself. By “strictly
inside itself” understands: let D be a bounded connected subspace of a
Banach space B and i a holomorphic map on D. It says that ¥ applies
D strictly inside itself if

inf @) -z =8>0.
! D

zeD,z eB—
(C3) There exists holomorphic functions ¢; defined on U; such that ¢ (i, x) =
@i (i (7w (x))), forany x € T7.
These conditions allow to define a transfers operators as:

Ly P A< (U) — P A (U)

ieQ ieQ
(L)) =Y AG. jexp (¢, (¥ @) x (¥ @) 27)
Jje
A trace formula for such an operator, in the style of the Atiyah-Bott formula
on Lefschetz fixed point, is displayed in Ref. 7 as:

1
det(1 — Dy; (Z,))’

Tr(L,) = ZA (i, i)exp (i (z1))

ieQ

(28)

where z; is the fixed point of ¥; and D is the differential map of ¥, seen as a
linear operator. It must be pointed out that, by the Earle-Hamilton theorem® a
map v applying strictly a domain D inside itself has exactly a fixed pointz € D
with || Dy (Z)|| < 1.

A relevant fact about these transfer operators is that they are nuclear. Let
us recall that an operator £ acting on a Banach space B is nuclear if there exist
sequences (x,) C B, (f,) C B* (the dual space of B) with ||x,|| = 1, || f,|| = l and
numbers (p,) with Y72 |p,| < 00 such that L(x) = D> "7 pu fu(x)x, for every
x € B.Thenuclearity of operators similar to (18) and also for those corresponding
to a continuous case was established in Ref. 8. To adapt these demonstrations for
operators (18) is immediate and so we will omit it.

Let us consider now the family of operators £,, which are the transfer
operators associated to the family of potentials {g¢}. In this case the condition
(C3) is formulated as: there exists holomorphic functions ¢; , defined on U; such
that g (i, x) = ¢; o(Y:i((x))), forany x € T7F.

By the Grothendieck theory for nuclear operators®® the Fredholm de-
terminant det(1 —zL,) is an entire map in the both two variables z,q and
it has the expansion det(l1 —zL,) = exp(— > -, Z;”T r(£3)). If the charts v;,
defined in (C1) — (C3) are constant then by the Mayer trace formula holds
Z,(q) == Zx(qp) = Tr(Ly), this is the case for instance of the Ising model and
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many other statistical systems. If the ; are linear, like in the Kac-model, there is
also a relationship between the partition function Z,(¢) and the trace of L7 in the
style of (26). The general relationship between partition function and trace is

d
Zu(q) =Y _ Tr[(£P)"], (29)

p=0

where Li,” ) are operators defined on Drca A\, BUsx), where A, B(U;) is the
space of the differential p-forms holomorphic on U;, as

PP ABU) - P ABW). U cc!

ieQ p ieQ p

(L (wp ), (@) = ZAz jexp (¢, (2)) /\ Dy; (@) (wp) (¥ (). (30)

JjeQ

here w, € A\, B(Ui) and /\ , Dy is the p-fold exterior product of differential
map D (considered a linear operator). It has E((IO) = L, and any Efjp ) is nuclear,
this results a natural of extension of the fact that EE,O) does. Thus the Fredholm
determinant D,(z, q) := det(1 — zﬁff )) is entire in z and ¢, for any p.

Now for p =0, d = 1 and constant charts there is an obvious and direct
relationship between the Fredholm determinant and the Ruelle zeta functionV)
which is defined as

n=1

c(z,9) =, (z,q9) = exp (Z %Zn (q)) : (31

We have then ¢(z, q) = eI If the charts are linear we obtain an expression of
the partition function as the difference of Tr ([,") and a constant by T'r ([,") like
in Eq. (26) for the Kac-model. So that in this case are also related the determmant
and zeta. For d > 2 the connection comes from Eq. (29).

Another result about the transfer operators £, is the relationship between the
spectral radius p(L,) and the topological pressure, which is p(L,) = exp(T(g)).
This was proved by Ruelle for the operators (23). In Ref. 8, was established the
analyticity of the map g —— p(L,), provided condition in the style of (C1) — (C3)
were fulfilled, and consequently the absence of phase transitions.

The following proposition will serve to obtain a description of the transfer
operators spectrum.

Proposition 4.  The spectrum of the operators L = ¢Cy,, where Cy, is the com-
position operator Cy(x)(z) = (x o ¥)(2), acting on space of functions Ax(U) is
discrete and is formed by eigenvalues E, = {¢(z)(DVY(2))"} where z is a fixed
point of Y and with 0 as the unique accumulation point.
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Proof: The fact of that the operators £ = ¢C, have discrete spectrum is
actually due to Ref. 7 Let ¥ € Ay (D), we have the eigenvalues equation
Lx(z) = ¢@)x(W(z)) = Ex(z). Clearly if x(z) # 0 then an eigenvalue of £
is E = ¢(z), where Z is a fixed point of ¢. If x(z) = 0 then differentiating, with
respect to z, the above eigenvalue equation is obtained W

D¢ (2) x x 2)+¢(2) x Dx (2) DY (z) = EDY (2).

Thus if D¢(z) # 0 then E = ¢(z)Dr(z). Now the eigenvalues of L (recall
that it is discrete) is the set

E,={¢@) (DY (2)"}.

Recall that by the Earle-Hamilton theorem || Dy (z)|| < 1, therefore 0 is the
only point of accumulation .
Notice that

S oy ¢@)
Tr(L)= ) E,= D =
r(L) ; ;qs(z)( Ve = = bv@)
the Mayer trace formulae. O

Remark. The above result describes indeed the spectrum of the transfer opera-
tors since they are finite sums of composite ones.

Now we shall show that the Ruelle zeta function determines the equilibrium
state for a broader class of potentials than in Ref. 10.

Proposition 5. [t holds ¢, (z,q) = 64, (2, 9) = Sy, = Sy, (Sy,, Sy, are the
unmarked orbit spectra of the potentials ¢\, ¢, as defined in (22)).

Proof: We have

So(z,q) = exp <Z Z;Zn(q)) :

n=1

with

Zu(q) = ) exp(Su(qe)(xy)).

lyl=n

The power expansion determines an analytical function in the disc |z| <
exp(F,(q)). If we have an expression of the form B(g) = Z,N=1 A A > 0, then
from the Newton identities is deduced that B(q) uniquely determines the A;, it
just needs to know B(1), B(2),..., B(N). This can be applied to the finite sum

le:n [exp(S,(¢)(x,))]? and so the terms S, (¢(x, )) are uniquely determined by
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Z,(q). In turn the coefficients Z,(q) are recovered from the expansion differen-
tiating it with respect to g. In this way the spectrum S, is uniquely determined
from the zeta function. d

Remark. [In fact the above result can be proved in a more general and abstract
context. In can be taken a compact metric space X and amap f : X — X which
satisfies the properties of expansiveness and specification. Here we are restricting
to a more Statistical Mechanics point of view, so we present the result in the above
level.

Now we state the main result of this section:

Theorem 4. For spin lattice systems and potentials @1, ¢, for which the condi-
tions (C1) — (C3) are fulfilled the following rigidity result is verified: F, (q) =
Fy,(q) == Sy, = S,,, or the firee energy determines the unmarked spectrum.

Proof: The scheme to follow for the demonstration is: firstly we consider the
1

Fredholm determinant D(z, ¢) and the map B(q) = T = exp(—£,(g)), so that
D(B(q), q) = 0. Let P(z) be an analytic map such that P(8(q)) = 0 and with 8(g)
determining P. We show that P(z) is a factor of D(z, ¢), but we also will prove that
is not possible to write D(z, q) = P(z, q)Q(z, q), where P, O are non-constant
maps. So that the Fredholm determinant is in some sense “minimal”, and then
B(g) determines the Fredholm determinant. By the relationship of D(z, ¢) with
the zeta function and by the proposition 3, the claim of the theorem will be proved.

For the above proceed we use an approach based on Tuncel

developments. 12 Let

k

R = {Znia;’ ‘n; € L,a; > 0} ,
i=0

if we set exp = {a% : a € R"} then Z[exp] = R, i.e. R is the ring of integral

combinations of elements in exp, or we can write

k
R= {ﬁ:ReR:ﬂ(q):Zniaf}.
i=0

If the potential ¢ depends on a finite number of coordinates, for instance ¢ =
@(x;, x;), then it can be defined a family of matrices H(g)with coefficients in
R = Z[exp] by

0 if A;; =0

H(q) = ;
!equ (p(x) if Ai,j =1
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with xg =7, x; = j. If B(q) = B4(q) = p(A(q)), is proved in Ref. 12 that S(q)is
analytic and 84(1) = log E|, where E; is the leading eigenvalue of 4 = A(1),
existing by the Perron—Frobenius theorem.

In our case with the potential depending in general of the entire configuration
we shall take B(q) = p(%q) = exp(—Fy(g)), which as we point out was proved
to be analytic and verifies D(B(q), g) = 0. Recall that by the Proposition 2 the
transfer operators have discrete spectrum and so we can put D(z, g) = det(1 —
zLy) = [1,2,(1 — zE,(q)), where E1(q) = exp(F,(q)), so that the z-zeros of the
Fredholm determinant are the inverses of the eigenvalues of £,.

As we anticipate as the beginning of the proof we consider a map P(z, q)
with P(B(q), q) = 0, analytic in z and expanded with coefficients in R. Let F
be field of fractions R/R and let G be the set of expansions of analytic maps
with coefficients in F. We consider an ideal 7 in G given by G € 7 if and
only if G can be expressed as G = Q/R where Q = Q(z, ¢)is an analytic map
in z with expansion with coefficients in R and Q(8(gq), ¢) = 0 for some analytic
function B(¢g) and R € R. By the analyticity of (q) the choice does not depend on
R. So 7 = {G : G can be expanded with coefficients in F, and G(B(q), q) = 0}.
Let Z = PG for some P with coefficients in F, we shall show that the expansion
has really coefficients in R. We have that the Fredholm determinant belongs
to Z and so it can be written: D(z, q) = P(z,q)0Q(z, q), where P and Q have
coefficients in F and D with expansion in R. We then have

o0
D= a,z", witha, =Y M; Al € R.I, finite
in€l,
> ey N, B!
P =Y"b,z", withb, = Z’L’q
n=0 ZjneJM Njn Biu

q

Ze,, €L, Uﬁn Cz,,
’ ’q

ZZ,, eL, Uzn Cl,,

For any positive integer n let S, be the subgroup of R* generated by 4; ,
i j , C( , C and Z[ S, ] is an unique factorization domain. We have ay + a,z +
-+ a,z" (bo + bz +.-taz r)(co +ciz+ -+ cy_pz""), then each b;
can be expressed as b; = b; /b with b € Z[S ]as Well asany ¢; = ¢;/c with ¢; €
Z[S, ] and for some b, ¢ such that (b, b, ... b)=1,(c,C1,...,Cp_ r) = 1. Hence
the followmg expressmn results an equatlon InZ[S,]belag + a1z + - - +ayz") =
(Co+cCiz+---+Cppz" ’)(bo + blz +. 4 b, vz, s1£ce Z[S,] is an unique fac-
torization domam each factor of bc must dlvide all the b; or all the ¢;, and besides
is invertible. Thus ¢ is a “monomial” and so P has actually coefficients in R.
Therefore if P(z, ¢) has coefficients in R and B(q) is a z-zero of P then this map
is a factor of the Fredholm determinant D(z, q).

€ F, J, finite
o0
Q=) c,2", withc, = € F, L, finite.

B;
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Next we prove that the Fredholm determinant is minimal. We consider a
“truncation”

N

Dy(z,q) = [ [(1 = zEx(9)) € R[z].

n=1

In this way

Dy(z, q)—l+<ZE>z+ > EiE; 22+~-~+|:(—1)"1_[E,-:|ZN

ij

Another expression for the Fredholm determinant is

D(z.q) =1+ _Du(q)z".

n=1
where

(1'”m

1_[ ; Tr(ﬁfj),

Dug)= )

(@i sesim)
ip+-+im=n

so that

—1y" i
Dy(z,q) =14+ Tr(Ly)z + Tr([,z)z+...+ E : (m') | |i_T,,(£q/) N
(i eim) : j=1 J
iy teetip=n

Let us assume that D(z, g) = P(z, q)Q(z, q), as we seen P, O have expan-
sions with coefficients in R if D(z, ¢) does. We compare the coefficients in each
N —truncation of D and P.Q. Thus

DN(z,q)zl—i—(ZEi)z—i— > EiE; zz+~-~+|:(—1)"l_[Ei:|zN
i ij i

ZN,OB,q ZN,IBZ Z4 et ZNJ,B;{ Z

Jo€Jo Jj1€di jred,
q q
Z UZOCZO + (Z Uglce"l> z
K[]ELQ K]EL]

+ Z UZ’V*’Cszr ZN?V

IN—r€LN—,
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Notice that the product of the eigenvalues E;,i = 1, ..., N canbe considered
as the determinant of certain N x N—matrix H = (a; ;), s0

HE = Zal o(l) - - - AN,o(N)>

ocep,

where E; = E;(q), a;; = a; j(q) and P, is the group of permutations of n-
elements. Besides

N
Y E =Tr(H)= a.

i=1
On the other hand the matrix can be taken H is such that

ainll,jl' a;t; #1,forany (iy, ..., i), (ijys--osji) andny ng €Z.  (32)

The coefficient of z” in the expansion of D(z, ¢) is of the form

a1,6(1) -+ - AN,o(N)

iy iy - A i

Sl
where o € P, fixes (i1, ..., i,), and of z¥ ™" is the form

a1,6(1) - - - AN,o(N)

Aiyiy o Qiy_yiny

with o € P, fixing (i1, ..., iy—).
Then, we have

Zal,(r(l) ---A4N o(N) = Z er UEAH-BZ',CZN,,’

oeP, Jrobyer

so that there is a correspondence between aj (1) - . . an,o(v) and the coefficients

B! C{, . Thus comparing the coefficients of z" we have BY Cj = Zrhe
. - r iy Qi iy

and also a similar expression for z¥~". If o € P, does not have fixed points
then aj (1) ...an o) appears in the constant term of the development of the
D(z, q), but is not possible to write it as a product of the coefficients B;’ qu

To illustrate this, consider the cyclic permutation o = (1, 2, 3) and the sum
dep3al,o(l)02,0(2)03,a(3)’ which of course includes @. The coefficient of z2 is a
sum ofterms a; ja;; and a; ;a; ;. Now ai »a; 3a3 4 must be of the form a; ja; ;am,,,
which could not be possible by (32). O

We can complete the analysis by setting that the spectrum determines the
equilibrium states of the potentials . For this it can be performed a similar approach
for the classification of Gibbs states as done in Sec. 3.
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